In this work, we study the existence of regular black holes solutions with multihorizons in general relativity and in some alternative theories of gravity. We consider the coupling between the gravitational theory and nonlinear electrodynamics. The coupling generates modifications in the electromagnetic sector. This paper has as main objective generalize solutions already known from general relativity to the f (G) theory. To do that, we first correct some misprints of the Odintsov and Nojiri's work in order to introduce the formalism that will be used in the f (G) gravity. In order to satisfy all field equations, the method to find solutions in alternative theories generates different f (R) and f (G) functions for each solution, where only the nonlinear term of f (G) contributes to the field equations. We also analyze the energy conditions, since it is expected that some must be violated to find regular black holes, and using an auxiliary field, we analyze the nonlinearity of the electromagnetic theory.
is the Reissner-Nordström-de Sitter metric since we have an event, Cauchy and cosmological horizon [89] . Actually, if we consider vector-tensor theories, the number of horizons should be much greater than only three. For this type of theory, it's also possible to find metrics with multiple singularities [90] . However, we still have the possibility of constructing regular multi-horizon black holes in general relativity and beyond if we relax some energy conditions and assume that the gravitational theory is coupled with a nonlinear electrodynamics [91] .
The structure of this article is organized as follows. In the SEC. II we construct the formalism for the general relativity theory, considering a spherically symmetric and static source, and we obtain the electromagnetic quantities and the energy conditions associated with the solution. In SEC. III we use the same formalism and generalize the solutions to f (R) gravity, finding corrections in the electromagnetic sector. In SEC. IV we construct a regular model, where we generalize the solution with two horizons already known from general relativity to f (G) gravity in four dimensions. In SEC. V we present our conclusions and discussion. The analytical expressions for L(P ) are obtained in Appendix A. As the expressions for the anti-de Sitter example and the solution with three horizons are too complicated, the appendices B and C are dedicated to find the f (R) and f (G) functions that are generated.
II. THE FORMALISM WITH GENERAL RELATIVITY
In this section, we will develop the formalism to study the solutions of regular black holes with multihorizons in the context of general relativity, so that we can generalize these results later to the alternative theories of gravity. This procedure was developed in [92] and used to study multihorizon solutions in [91] . The action that describes the nonlinear electromagnetic theory coupled with general relativity is
where R is the curvature scalar, g is the determinant of the metric, L is the electromagnetic Lagrangian and I is the electromagnetic scalar, defined as I = 1 4 F µν F µν , with F µν = ∂ µ A ν − ∂ ν A µ being the Maxwell-Faraday tensor. We will consider a spherically symmetric and static spacetime described by the line element ds 2 = −e a(r) dt 2 + e −a(r) dr 2 + r 2 dθ 2 + sin 2 θdφ 2 .
To obtain the electromagnetic and gravitational field equations, we need to vary the Lagrangian (1) with respect to the gauge potential A µ and the metric g µν . These equations are
If we consider that the source has only electric charge, the only nonzero component of the Maxwell-Faraday tensor is F 10 . With this, the Eq. (4) becomes ∂ r r 2 ∂ I LF 01 = 0.
Integrating this equation, we obtain
where q is an integration constant that represents the electric charge of the source. Using I = − 1 2 (F 01 ) 2 and defining a new variable X = q √ −2I, we get 1 = r 2 ∂ X L.
As we can write (3) in the form G , where ρ is the energy density and p r and p t are the radial and tangential pressures respectively, we find the following equations
Furthermore, from the components of the Einstein tensor, we also have the following relations re a a ′ + e a − 1 = −κ 2 r 2 ρ , 
From these relations and (8), we have
Since we have the energy density, in terms of the radial coordinate, it is possible to find an analytical expression for I(r) and invert this function to obtain r(I) and consequently L(I). However, as we are studying electric sources, it is not possible to find the Lagrangian. Actually, in the electric case, is more convenient to work with the auxiliary field P µν = (∂ I L) F µν . In the Appendix A we will find analytical expressions for L(P ) for the solutions presented here. It is also important to verify the energy conditions that are given by the following:
1. Null Energy Condition (NEC): ρ + p r ≥ 0 and ρ + p t ≥ 0;
2. Weak Energy Condition (WEC): ρ ≥ 0, ρ + p r ≥ 0 and ρ + p t ≥ 0;
3. Strong Energy Condition (SEC): ρ + p r + 2p t ≥ 0, ρ + p r ≥ 0 and ρ + p t ≥ 0;
4. Dominant Energy Condition (DEC): ρ ≥ 0, ρ ± p r ≥ 0 and ρ ± p t ≥ 0.
Here we call attention to a mistake in (21) of [91] , where p r is defined. By the condition p r = −ρ we expect that p r = L − X r 2 ; however in (21) of [91] we see p r = L + X r 2 . This modification changes the energy conditions, so that they also must be corrected.
In [91] , three solutions were analyzed. Here we will review these solutions with the necessary corrections.
A. Example in the Minkowski background
The first model is a solution that behaves asymptotically as Minkowski and is described by
If we take α = 2m and β = 2l 2 m, we will recover the regular black hole of Sean A. Hayward (see eq. (5) in [22] ). To analyze the regularity of the solution it is enough to calculate the Kretschmann scalar, K = R µναβ R µναβ , however, for future reasons, we will also calculate the curvature scalar and the Gauss-Bonnet invariant,
We can see that the solution does not present divergences. From (12) we get
The nonlinearity of the electromagnetic theory is described by the graphical representation of L(I) in Fig. 1 . Since we have ρ, p r and p t , we obtain the energy conditions The weak and null energy conditions are always satisfied, however, inside the black hole the strong energy condition is violated, which is normal for regular solutions, and outside the dominant energy condition is violated, which already happened with the Bardeen solution. Now, we highlight that these results present corrections in relation to [91] . From (20) , we see that the dominant energy condition is violated for r > (2β) 1/3 and not r < (2β) 1/3 as in (26) of [91] . In [91] , we also see that for r > (β/2) 1/3 , the relation ρ − p r is negative, which also violates the dominant energy condition. However, as we corrected the definition of p r , that problem vanish.
B. Example in the anti-de Sitter background
Now we will analyze the model that is asymptotically anti-de Sitter and is described by
The curvature invariants are 
so that, the solution is regular in all spacetime. As in the previous examples, from (12) we get 
We can see that as p r = p t we have the behavior of an anisotropic solution with an equation of state ρ = −p r . We highlight that the expression for X(r) is different from Eqs. (29) in [91] . In the infinity of the radial coordinate L(r) 
We can see that the energy density is not always positive, which is not a problem since we are considering a model that is asymptotically anti-de Sitter so that, we have the contribution of the negative cosmological constant, which can be regarded as a negative energy density. For points outside the event horizon, WEC and DEC are violated while SEC is violated inside the event horizon.
C. Regular black hole with three horizons
Now we will use the formalism that we developed in the previous section to study the multihorizon solution. We consider the configuration described by
If we expand this solution near the origin and in infinity of the radial coordinate we get
with ω = r 
The solution behaves like de Sitter for points inside and far from the event horizon (r 2 ). The curvature and topological invariants are 
These functions are complicated, however, it is not difficult to see the regularity at the origin. In infinity of the radial coordinate, we get
which are viable results since the solution is asymptotically de Sitter. The fluid quantities, X(r) and the electromagnetic Lagrangian are
L(r) = 1
We see that ρ, in (44) of [91] and X in (45) of [91] , differ from what we obtained here, (37) and (38) , so that is expected that the Lagrangian L BCX is different from (46) in [91] . The nonlinearity of the electromagnetic theory that generates this metric is described in Fig. 3 . As in the solution before, L(r) and X(r) tend to a constant to r → ∞.
Together with (37), the energy conditions are
We can see that there is the possibility for all energy conditions to be violated. 
III. REGULAR MULTIHORIZON BLACK HOLES IN f (R) GRAVITY WITH NONLINEAR ELECTRODYNAMICS
Now we will consider a line element written as
When we have nonlinear electrodynamics coupled with f (R) gravity, the action is given by
If we vary this action with respect to the metric we get the equations of motion for f (R) gravity, which can be written as
Identifying T
, and T
, we can write the energy conditions for f (R) gravity as [93] [94] [95] [96] 
where, for nonlinear electrodynamics, we have
In view of the identity W EC 3 (r) ≡ DEC 1 (r), one of the conditions is not written. In [79] , the following theorem was proven: Given a solution of Eqs. (47) of f (R) gravity described by
10 (r)}, then the energy conditions (48)- (52) are identical for S 1 and S 2 . This implies that by, taking the models (13), (21) and (29) for the f (R) gravity, the energy conditions (48)- (52) are the same that we have in the general relativity cases.
Even if there are no changes in the energy conditions, due to the coupling with f (R) gravity, we have modifications on the structure of X(r) and L. The components of the field equations for f (R) gravity, considering a(r) = −b(r), are
In the field equations, we need to pay attention that we are using ρ, p r and p t and not
as in the energy conditions.
Subtracting (56) from (57) we get
To obtain ρ = −p r , with e a = 0, we need f
where c 0 and c 1 are integration constants. Since we have R(r), we can invert this function and obtain r(R) and then we find f R (R). The f (R) function is
or, in terms of the radial coordinate,
Using the models (13), (21) and (29), we can find the expressions for ρ, L and X in f (R) gravity.
A. Example in the Minkowski background
Considering the model (13) we have the curvature scalar (15) . Inverting this function, we get that f R is
with
Integrating f R with respect to the curvature scalar we get
If we consider the corrections from f (R) gravity ρ(r), X(r) and L(r) are
It is easy to see that if we take the limit c 1 → 0 and c 0 → 1, we recover the results presented in II A. From (67), we can see that, different from general relativity, due to the coupling with f (R) gravity, X(r) diverges in the infinity. In Einstein's theory, the energy density from the energy conditions is equal to the electromagnetic energy density. When we consider f (R) gravity these two quantities are not the same. Here, in the energy conditions (52) we have ρ (ef f ) which is the same from (18), which is always positive, while the electromagnetic energy density is given by ρ, which has negative contributions due to the coupling with f (R) theory.
With this example, we may realize the modifications that appear in the electromagnetic quantities because of f (R) gravity. It is also possible to apply this formalism to the other examples. However, as the expressions are much more complicated, we will do this in the appendix B, where we obtain analytical expressions for f R , X, ρ and L.
IV. REGULAR MULTIHORIZON SOLUTIONS IN f (G) GRAVITY
In this section, we will analyze the possibility of generalizing the solutions for f (G) theory in four dimensions. The action that describes this theory is
Varying this action with respect to the metric we get the field equations for f (G) theory, which are written as
where the subscript G denotes the derivation with respect to the Gauss-Bonnet term. To analyze the energy conditions, we rewrite the field equations as
where the components of T (ef f ) µν may be identified by
where
(r) and p (ef f ) t (r) are the effective energy density, radial pressure and tangential pressure, respectively, with contributions from f (G) theory. The energy conditions are given by [75] 
As in the case of f (R) theory, it was shown that due to the fact that the energy conditions are taken on the Einstein tensor, the energy conditions in f (G) theory are the same as general relativity [80] . The nonzero components of the field equations, to a line element as (45) with a = −b, are
Subtracting (76) from (77) we obtain
As e a = 1 and e a = 0, in general, we need f ′′ G = 0 to obtain the condition ρ = −p r . Consequently, f G is
As we did in f (R) theory, we need to find an expression for r = r(G) and with that construct the functions f G (G) and f (G) by
A. Example in the Minkowski background
In [80] , the f G (G) and f (G) functions were constructed for the models (13), (A8) and (A10) in [80] , with α = 2m and β = q 3 , where, due to astrophysical constraints, q 2 ≪ m 2 [97] , with m being de ADM mass. We expected that the ADM mass to assume values of 10 −17 M ⊙ , for primordial black holes [98] , up to 10 9 M ⊙ for supermassive black holes [99] . In the Fig. 4 we plot the f (G) function that generates the solution and we compare to the linear function. Graphically these functions are different and, for some range of G, the intensity to c 1 = 0 is smaller. Even if there are no changes in the energy conditions, we will get corrections for the functions ρ(r), X(r) and L. These functions are given by ρ(r) = 3αβ
X(r) = 9αβr
We realize that the results of general relativity are recovered with c 1 → 0 since c 0 does not appear. The constant c 0 does not appear in the equations due to the fact that it follows the linear term in the Gauss-Bonnet invariant, which in four dimensions does not make modifications in the field equations. Different from f (R) gravity, X is well behaved for r → ∞. From SEC. II we know that I = − 1 2 (F 10 ) 2 and X = q √ −2I, which implies the electric field and X have the same behavior in relation to the radial coordinate, so that, F 10 is well-behaved in all spacetime and goes to zero in the black hole center and in the infinity. In Fig. 5 , we plot the electromagnetic energy density and pressures as functions of the radial coordinate. The energy density presents a minimal value where the radial pressure has a maximum, while the tangential pressure presents minimum and maximum. In general relativity, normally, to an electrically charged regular solution, we have the behavior of an anisotropic fluid but near to the black hole center, it behaves approximately as an isotropic fluid, which is different in f (G) gravity. Expanding these functions near to the center, we find 
The term that arises from f (G) theory is responsible for the anisotropy in the black hole center. In the infinity of the radial coordinate, we get
The term that is constant in the infinity comes from f (G) gravity and it is also responsible for the isotropy in this region. The effective quantities are the same from general relativity, Eqs. (18), where we have isotropy in the black hole center and the effective energy density and the pressures are zero in the infinity. We may consider that the effective energy density is related to the radial, tangential and total pressures by equations of states as p
. From ω r , ω t and ω tot we may extract informations about the energy conditions. If the effective energy density is positive, the case ω r,t < −1 implies in the violation of W EC 1,2 , however, to ω r,t > 1, DEC 2,3 is violated and to ω tot < −1, SEC is violated. In Fig. 6 we plot the behavior of these parameters. We may see that ω r = −1, −1 < ω t < 2 and −3 < ω tot < 3, so that, DEC 3 is violated outside the event horizon, while SEC is violated inside.
As we have an electric source, it is interesting to use the H(P ) formalism, that is a dual description of the same physical problem (for more details see A). In this formalism, we don't work with the electric field but with the induction field (A1) [100] . In linear electrodynamics, we have P µν = F µν but here they are different by the multiplicative term ∂ I L. In the nonlinear case F 10 does not behave as Maxwell, however, if we consider the displacement vector, inserting (6) in (A1), we find
which is the same result from the linear electrodynamics. Since we have L as a function of the radial coordinate, we can also find an analytical expression for L(P ). From (A2), we find an expression for r(P ), and with that, L(P ) is given by
With that, the nonlinearity of the electromagnetic theory is clear. We comment on the model (21) and (29) with f (G) theory in C 1. In that appendix, we obtain the analytical expressions for the f G (G) function and the electromagnetic quantities, considering (21) . For the solution (29), we find the electromagnetic quantities, however, it is not possible to write f G (G) in a closed form.
V. CONCLUSION
In this work, we analyzed the existence of regular multihorizon black holes in general relativity and in some alternative theories of gravity. The method presented with general relativity was developed earlier in [91] , however, we fixed some misprints which influenced the energy conditions. The energy density is positive in the model (13), however, due to the presence of the cosmological constant, we can have negative energy density in the models (21) and (29) . We realized that the electromagnetic function X(r) goes to zero in r → ∞ for the solution that is asymptotically flat but tends to a constant when we consider the solution that is asymptotically anti-de Sitter and the solution with three horizons. The strong energy condition is violated inside the black hole for all solutions and outside for those that are not asymptotically Minkowski.
In modified theories, in order to satisfy all the field equations, we did not fixed the f (R) and f (G). Since we imposed the solutions that we wanted to find, we got the correspondent f (R) and f (G) theories and the modifications in the electromagnetic sector. Due to the coupled with the f (R) gravity, X(r) diverges in infinity of the radial coordinate for all solutions, while in f (G) gravity, it diverges only for those that are not asymptotically flat solutions. It means that, in f (G) theory, the electric field is well behaved in all spacetime for the asymptotically flat solution, while it diverges in f (R) theory. Since f R and f G are linear in r, we have a divergence in infinity, however, f (R) and f (G), which are the functions that appear in the action, do not present divergence. Because of the symmetry a = −b, the energy conditions will be the same as in general relativity.
Since G is topologically invariant in four dimensions, the authors of [91] needed to consider five dimensions to find modifications in the field equations. Here, as we consider a nonlinear function of G in the action, we to consider high dimensions to find new regular solutions.
As we considered electric sources, we showed the nonlinear behavior of the electromagnetic theory numerically by a parametric plot of L(I). In [91] , the authors used auxiliary fields, B and C, to find an analytical expression for what they called L BCX , however, the nonlinearity of this Lagrangian is not so clear, so that, we consider the scalar P , that is related to the electromagnetic scalar, to represent analytically the electromagnetic Lagrangian in A.
We can also analyze the consequences to a = −b in alternative theories of gravity. As this symmetry modifies the line element, differences in the energy conditions and in the curvature invariants are expected to appear, so some choices can give solutions that are not regular.
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Appendix A: H(P ) formalism
As we already mentioned, for the electric sources it is not possible to construct an analytical closed form for r(I). However, it is still possible to find an expression for the electric Lagrangian in terms of a new scalar P = P µν P µν , where the field P µν is defined as
As the nonzero components of F µν are proportional to (∂ I L) −1 , the scalar P is given by
Using this relation, we can find an expression for r(P ). Moreover, we can make the Legendre transformation of L, which results in
For a spherically symmetric line element such as (2) , H, in terms of the radial coordinate, is
Since we have H(r) and r(P ), from (A1), we may find the function L(P ) using an inverse Legendre transformation as
Considering the models (13), (21) and (29), L(P ) is 
With that, the electromagnetic Lagrangians associated with (13) , (21) and (29) are not linear in the scalar P and do not behave as Maxwell to P ≈ 0.
Appendix B: Corrections from f (R) theory
In this appendix, we will write the expressions for ρ(r), L(r) and X(r) with the corrections from f (R) gravity for the models (21) and (29).
Example in the anti-de Sitter background
Inverting (22), we find the expression for r(G) and with 
the f R function is 
